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On ontinuous funtions on two-dimensional disk whih are
regular in its interior points.
Yevgen Polulyakh
1
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Abstrat. We introdue a lass of regular ontinuous funtions on the losed 2-disk and
show that eah funtion from this lass is topologially onjugate to a linear funtion
dened on a sqare, a losed half-disk or a losed disk.
Keywords. regular funtion, U -trajetory, Frehet distane between urves, µ-length
of a urve.
Introdution
Let us remind that a pseudo-harmoni funtion (see [1℄) on a losed domain in
the plain (see [2℄) is a ontinuous funtion suh that in a small open neighbourhood
of eah interior point of the domain it is topologially onjugate to a funtion
Re zn + const in a open neighbourhood of zero for a ertain n ∈ N.
In the proess of investigation of pseudo-harmoni funtions the following prob-
lem arises. Suppose we have two pseudo-harmoni funtions f and g on a same
losed domain G and all singularities of f and g are ontained in some onve-
nient subsets R(f) and R(g) of G whih are unions of some families of onneted
omponents of level sets of f and g respetively with FrG. Suppose that we have
a homeomorphism Φ0 : R(f)→ R(g) whih omplies with the relation g ◦Φ0 = f .
The question is whether we an extend Φ0 to a homeomorphism Φ : G → G,
suh that g ◦ Φ = f .
In order to onstrut an extension we have to nd a homeomorphism ΦU : U →
V suh that g ◦ ΦU = f and ΦU |R(f) = Φ0 for every onneted omponent U of
the set G \R(f) and a onneted omponent V of G \R(g) whih is bounded by
the set FrV = Φ0(FrU) = Φ0(U ∩ R(f)).
When a domain G is bounded by a nite number of simple losed urves and
funtions f and g have a nite number of singular points both in G and on
the frontier FrG one ould verify that for a onvenient subset R(f) a losure
U of every omponent U of the set G \ R(f) is homeomorphi to a losed 2-disk
(see [1, 3℄) and f is regular in a sense on U .
In this artile we will disuss the denition and dierent properties of regular
funtions on a losed 2-disk the most remarkable of whih is given by the following
statement.
Theorem. Let f and g are regular funtions on a losed 2-disk D.
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2Every homeomorphism ϕ0 : ∂D → ∂D of the frontier ∂D of D whih omplies
with the equality g ◦ ϕ0 = f an be extended to a homeomorphism ϕ : D → D
whih satises the equality g ◦ ϕ = f .
1. Weakly regular funtions on disk and their properties.
Let W be a domain in the plane R2, f : W → R be a ontinuous funtion. We
denote
D2 = {z | |z| ≤ 1} , D2+ = {z | |z| < 1 and Imz ≥ 0} .
Denition 1.1. We all z0 ∈ W a regular point of the funtion f if there exist
an open neighbourhood U ⊆ W of z0 and a homeomorphism ϕ : U → IntD2 suh
that ϕ(z0) = 0 and f ◦ ϕ−1(z) = Rez + f(z0) for all z ∈ IntD2.
U is alled a anonial neighbourhood of z0.
Denition 1.2. Call z0 ∈ FrW a regular boundary point of f if there exist an
open neighbourhood U in the spae W and a homeomorphism ψ : U → D2+ suh
that ψ(z0) = 0, ψ(U ∩ f−1(f(z0))) = {0} × [0, 1), ψ(U ∩ FrW ) = (−1, 1) × {0}
and a funtion f ◦ ψ−1 is stritly monotone on the interval (−1, 1)× {0}.
A neighbourhood U is alled anonial.
Remark 1.1. It is easy to see that anonial neighbourhood in denitions 1.1
and 1.2 an be hosen arbitrarily small.
Let D is a losed subset of the plane whih is homeomorphi to D2. Let us x
a bypass diretion of a boundary irle FrD.
Assume that when we bypass the irle FrD in the positive diretion we on-
seutively pass through points z1, . . . , z2n−1, z2n for some n ≥ 2, and also not
neessarily zk 6= zk+1. For every k ∈ {1, . . . , 2n} we designate by γk an ar of the
irle FrD whih originates in zk and ends in either zk+1 when k < 2n or z1 if
k = 2n, so that the movement diretion along it oinsides with the bypass diretion
of FrD. Write γ˚k = γk \ {zk, zk+1} when k ∈ {1, . . . , 2n− 1}, γ˚2n = γ2n \ {z2n, z1}.
Denition 1.3. Assume that for a ontinuous funtion f : D → R there exist
suh n = N (f) ≥ 2 and a sequene of points z1, . . . , z2n−1, z2n ∈ FrD (whih
are passed through in this order when the irle FrD is bypassed in the positive
diretion) that following properties are fullled:
1) every point of a domain IntD = D \ FrD is a regular point of f ;
2) γ˚2k−1 6= ∅ for k ∈ {1, . . . , n} and every point of an ar γ˚2k−1 is a regular
boundary point of f (speially, the restrition of f onto γ2k−1 is stritly
monotone);
3) ars γ2k, k ∈ {1, . . . , n} are onneted omponents of level urves of the
funtion f .
We all suh funtions weakly regular on D.
3Proposition 1.1. Let f is a weakly regular funtion on D.
A set
⋃n
k=1 γ2k does not ontain regular boundary points of f , therefore the num-
ber N (f) is well dened and oinides with the number of onneted omponents
of the set of regular boundary points of f .
Proof. Let z ∈ FrD is a regular boundary point of f . Denote by Γz a onneted
omponent of level urve of f whih ontains z. We x a anonial neighbourhood
U of z and a homeomorphism ψ : U → D2+ from denition 1.2. Then, as it ould
be easily veried, ψ−1({0} × [0, 1)) ⊆ Γz and ∅ 6= ψ−1({0} × (0, 1)) ⊆ Γz ∩ IntD.
Therefore it follows from the ondition 3 of denition 1.3 that z /∈
⋃n
k=1 γ2k.
Hene, the number of ars γ2k−1, k ∈ {1, . . . , n} oinides with the number of
onneted omponents of the set of regular boundary points of f . It depends only
on f and the number N (f) is well dened. 
Lemma 1.1. Let a funtion f is weakly regular on D.
Every onneted omponent of nonempty level set of f is either a point z2k,
k ∈ {1, . . . , n} if z2k = z2k+1, or a support of a simple ontinuous urve γ : I → D
whih satises to the following properties:
• endpoints γ(0) and γ(1) belong to distint ars γ2j−1 and γ2k−1, j, k ∈
{1, . . . , n}, j 6= k;
• either γ(I)\{γ(0), γ(1)} ⊂ IntD or γ(I) = γ2k for a ertain k ∈ {1, . . . , n}.
Proof. Assume that c ∈ R omplies with the inequality f−1(c) 6= ∅. Let us on-
sider a onneted omponent Γc of the level set f
−1(c). There are two possibilities.
1) Let Γc ∩ IntD = ∅. Then Γc = γ2k for a ertain k ∈ {1, . . . , n}.
Really, if Γc 6⊂
⋃n
k=1 γ2k then there exists a regular boundary point w ∈ Γc. It
follows from denition 1.2 that a portion of the onneted omponent Γc whih is
ontained in a anonial neighbourhood of the point w has a nonempty intersetion
with IntD.
But if Γc ⊂
⋃n
k=1 γ2k then the statement of lemma follows from property 3 of
the denition of a weakly regular funtion on D.
In the ase under onsideration the set Γc = γ2k is either a single-point or a
support of a simple ontinuous urve whih endpoints are ontained in the sets
γ2k−1 and γ2k+1 when k ∈ {1, . . . , n− 1} or in γ2n−1 and γ1 if k = n.
2) Let Γc ∩ IntD 6= ∅. Then the set Γc is a support of a simple ontinuous
urve γ : I → D, with Γc ∩ FrD = {γ(0), γ(1)} ⊂
⋃n
k=1 γ˚2k−1.
Let us verify this.
It follows from the ondition 3 of denition 1.3 that Γc ∩ FrD ⊂
⋃n
k=1 γ˚2k−1.
Therefore by denition all points of Γc ∩ FrD are regular boundary points of f .
All remaining points of the set Γc belong to IntD and are regular points of f .
Denote by Θ : (−1, 1)→ IntD2 a mapping
Θ(s) = (0, s), s ∈ (−1, 1) .
4It is lear that Θ is the homeomorphism onto its image. Denote also
Θˆ = Θ
∣∣
[0,1)
: [0, 1)→ D2+ .
This mapping is obviously also the embedding.
Let v ∈ IntD ∩ Γc. By denition v is the regular point of f . Let Uv and ϕv :
Uv → IntD2 are a neighbourhood and a homeomorphism from denition 1.1. Then
ϕv(f
−1(f(v))) = {0}× (−1, 1), therefore ϕv(Γc) = {0}× (−1, 1), a mapping Θ−1 ◦
ϕv = Φv : Qv = Γc∩Uv → (−1, 1) is well dened and it mapsQv homeomorphially
onto (−1, 1). By onstrution the set Qv is an open neighbourhood of v in the
spae Γc.
So, a map (Qv,Φv : Qv → (−1, 1)) is assoiated to every point v ∈ IntD ∩ Γc.
By analogy, if w ∈ Γc ∩ FrD then for its neighbourhood Uw and a homeomor-
phism ψw : Uw → D2+, whih omply with denition 1.2, a set Qˆw = Uw ∩ Γc and
a mapping Ψw = Θˆ
−1 ◦ψw : Qˆw → [0, 1) dene a map of the spae Γc in the point
w.
Obviously the set Γc with the topology indued from D is a Hausdor spae
with a ountable base. Moreover, every point of this set has a neighbourhood in Γc
whih is homeomorphi to the interval (0, 1) or to the halnterval [0, 1). Hene Γc
is the ompat (it is the losed subset of ompat D) onneted one-dimensional
manifold with or without boundary. Therefore the spae Γc is homeomorphi
either to the irle S1 or to the segment I.
Assume that Γc ∼= S1. Let R ⊂ D is a losed domain with the boundary Γc.
All points of IntR are regular points of f . From denition 1.1 it follows that a
regular point annot be a point of loal extremum of f . Thus f 6≡ const on R,
otherwise every point from IntR should be a point of loal extremum of f .
R is the ompat set, so the ontinuous funtion f should rih its maximal and
minimal values on R. Let f(v′) = minz∈R f(z), f(v
′′) = maxz∈R f(z) for ertain
v′, v′′ ∈ R. We have allready proved that f(v′) 6= f(v′′), therefore one of these
two numbers is distint from c = f(Γc) and one of the points v
′
, v′′ is ontained
in IntR, hene it is the point of loal extremum of f . Then it annot be a regular
point of f .
From the reeived ontradition we onlude that Γc ∼= I, with a pair of points
{z0(c), z1(c)} ∈
⋃n
k=1 γ˚2k−1 orresponding to the boundary of the segment and the
rest points of Γc are ontained in IntD. By denition the funtion f is stritly
monotone on eah ar γ˚2k−1, k ∈ {1, . . . , n}, therefore z0(c) ∈ γ˚2i−1, z1(c) ∈ γ˚2j−1,
i, j ∈ {1, . . . , n} and i 6= j. 
Remark 1.2. From ondition 2 of Denition 1.3 and from Lemma 1.1 it is seen
that every level set of a weakly regular funtion f has a nite number of onneted
omponents in D.
Lemma 1.2. Let f is a weakly regular funtion on D. Then N (f) = 2.
5In order to prove this Lemma we need one simple proposition.
Proposition 1.2. Let g : K → R is a ontinuous funtion on a ompat K.
Then for every c ∈ g(K) and for a basis {Ui} of neighbourhood of c a family of
sets {Wi = g−1(Ui)} forms the base of neighbourhoods of the level set g−1(c).
Proof of Proposition 1.2. Evidently, it is suient to prove that there exists at
least one base of neighbourhoods of c ∈ g(K) full preimages of elements from
whih form a base of neighbourhoods of the level set g−1(c).
The spae R omplies with the rst axiom of ountability, so we an assume
that the family {Ui} is ountable.
There exists a ountable base {Uˆi}i∈N of neighbourhoods of c suh that
(1) Uˆi+1 ⊆ Uˆi , i ∈ N .
Really, diret veriation shows that the family of sets Uˆi =
⋂i
m=1 Um, m ∈ N
satises to our ondition.
Suppose that a sequene of sets {Wˆi = g
−1(Uˆi)} does not form a base of neigh-
bourhoods of g−1(c). Then there exists suh a neighbourhood W of this set that
the inequality Wˆi \W 6= ∅ is fullled for every i ∈ N. We x xi ∈ Wˆi \W , i ∈ N.
From the ompatness of K it follows that the sequene {xi}i∈N has a onvergent
subsequene {xij}j∈N. Suppose that x is its limit. Relation (1) assures us that the
family of sets {Uˆij}j∈N forms the base of neighbourhoods of c. Therefore, without
loss of generality we an assume that x = limi→∞ xi.
On one hand the family {Uˆi} is the base of neighbourhoods of c and g(xn) ∈ Uˆn
for every n ∈ N. Then it follows from the relation (1) that also g(xk) ∈ Uˆn for
every k > n, n ∈ N. From this and from the ontinuity of g we get the following
equalities g(x) = limi→∞ g(xi) = c. Hene x ∈ g−1(c) ⊂W .
On the other hand x ∈ {xi | i ∈ N} and {xi | i ∈ N}∩W = ∅ by the onstrution.
Therefore the inlusion x /∈ W have to be fullled.
The ontradition obtained proves proposition. 
Proof of lemma 1.2. Let us dene for the ar γ1 a mapping τ : γ1 → FrD in the
following way. Let z ∈ γ˚1 and Γz ⊆ f−1(f(z)) is a onneted omponent of a level
set of f whih ontains z. We know (see. Lemma 1.1) that Γz is a support of a
simple ontinuous urve γz : I → D and that z is one of the endpoints of that
urve. Let for example z = γz(0). We assoiate to z another endpoint of the urve
γz:
τ(z) = γz(1) , z ∈ γ˚1 .
Furthermore we set τ(z1) = z2n, τ(z2) = z3.
Let us hek that the mapping τ is ontinuous on γ1.
Suppose rst that z ∈ γ˚1. We designate c = f(z). We know that the level set
f−1(c) of f has a nite number of onneted omponents (see Remark 1.2). Let
6this number is equal to l ∈ N. We x disjoint open neighbourhoods W1, . . . ,Wl of
these omponents. Suppose Γz ⊂W1.
It follows from Lemma 1.1 and from the ondition 3 of Denition 1.3 that
τ(z) ∈ γ˚2k−1 for some k ∈ {2, . . . , n}. Let V ′ is an open neighbourhood of τ(z) in
D. Without loss of generality we an regard that V ′ ∩ FrD ⊆ γ2k−1 ∪ γ1. Let us
also take an open neighbourhood V of z in D suh that V ∩FrD ⊆ γ1∪γ2k−1 and
V ∩ γ2k−1 ⊂ V ′.
We x an open neighbourhood Wˆ of the set Γz suh that Wˆ ∩ FrD ⊆ V ∪ V ′.
For example we an take Wˆ = V ∪V ′ ∪ IntD, where IntD = D \FrD. Designate
W = Wˆ ∩ W1. Evidently, inlusions W ∩ FrD ⊆ V ∪ V ′ are valid, moreover
W ∩ γ2k−1 ⊂ V ′ by the onstrution.
It follows from Proposition 1.2 that there exists suh δ > 0 for the open neigh-
bourhood O =W ∪
⋃l
i=2Wi of the level set f
−1(c) of f that Q = f−1(Bδ(c)) ⊆ O.
Here we designate Bδ(c) = {t ∈ R | |t− c| < δ}.
Denote Q0 = Q ∩W , V0 = V ∩ Q0. It is evident that z ∈ V0 and Q0 ∩ FrD ⊆
V0 ∪ V
′
.
Let z′ ∈ γ1 ∩ V0. Sign by Γz′ a onneted omponent of a level set of f whih
ontains z′. Let γz′ : I → D is a simple ontinuous urve with the support Γz′
suh that γz′(0) = z
′
and γz′(1) = τ(z
′). Observe that Γz′ ⊂ Q ⊆ O, moreover
Γz′ ∩ Q0 6= ∅ and the set Γz′ is onneted. Open sets Q0 and Q ∩
⋃l
i=2Wi are
disjoint by the onstrution, so Γz′ ∩
⋃l
i=2Wi = ∅ and Γz′ ⊂ Q0.
It is easy to see that {γz′(0), γz′(1)} ⊂ (V0 ∪ V ′) ∩ FrD ⊆ γ1 ∪ γ2k−1, and also
γz′(0) ∈ γ1. It is evident that f ◦ γz′(0) = f ◦ γz′(1) = f(z′), hene γz′(1) ∈ γ2k−1
(see. Lemma 1.1). But Q0∩γ2k−1 ⊂W ∩γ2k−1 ⊂ V ′, therefore τ(z′) = γz′(1) ∈ V ′
and V0 ∩ γ1 ⊆ τ−1(V ′).
From arbitrariness in the hoie of z ∈ γ˚1 and of its neighbourhood V ′ it follows
that the mapping τ is ontinuous on the set γ˚1.
Suppose now that z = z1 or z2. In the ase when z1 = z2n (respetively z2 = z3)
our previous argument remain true without any hanges.
If the ar γ2n (respetively γ2) does not redue to a single point then the onti-
nuity of τ in the point z is heked with the help of argument that are analogous
to what was stated above. The only essential hange is that open sets V ′ and V
should be seleted to satisfy orrelations (V ′ ∪ V ) ∩ FrD ⊆ γ1 ∪ γ2k−1 ∪ γ2n and
V ∩γ2k−1 ⊂ V ′ (respetively (V ′∪V )∩FrD ⊆ γ1∪γ2k−1∪γ2 and V ∩γ2k−1 ⊂ V ′).
Also a neighbourhood of the set Γz = γ2n (respetively of Γz = γ2) should be
hosen to omply with the inlusion Wˆ ∩ FrD ⊆ V ∪ V ′ ∪ Γz. For example
Wˆ = V ∪ V ′ ∪ IntD ∪ Γz will t.
So, the mapping τ : γ1 → FrD is ontinuous. Let us explore some its properties.
The set τ(γ1) is onneted (it is an image of the onneted set under ontinuous
mapping) and ontains points z2n and z3. Therefore, it should ontain one of the
ars of the irle FrD whih onnet these points.
7Eah point of the set τ(γ1) exept z2n and z3 belongs to
⋃n
k=2 γ˚2k−1. Really,
as we have observed above if z ∈ γ˚1, then τ(z) ∈ γ˚2k−1 for a ertain k 6= 1 (see.
Lemma 1.1).
By denition γ˚i ∩ γj = ∅ when i 6= j, therefore
(2) τ(γ1) ∩ γ˚1 = ∅ .
If n ≥ 3, then
(3) γ4 ∩ τ(γ1) = ∅ .
This is the onsequene of a simple observation that {z3, z2n} ∩ γ4 = ∅ when
n ≥ 3 (see. ondition 2 of Denition 1.3) together with the relation τ(γ1) ⊆
{z3, z2n} ∪
⋃n
k=2 γ˚2k−1.
To omplete the proof of lemma it remains to notie that if n ≥ 3 then the
nonempty sets γ˚1 and γ4 are ontained in dierent onneted omponents of FrD\
{z3, z2n} and relations (2) and (3) ould not hold at the same time, otherwise points
z3 and z2n would belong to dierent onneted omponents of the set τ(γ1).
Thus, n = N (f) = 2. 
Denition 1.4. Let for some n ≥ 2 and for a sequene of points z1, . . . , z2n ∈ FrD
a funtion f omplies with all onditions of Denition 1.3 exept ondition 3,
instead of whih the following ondition is valid
3′) for j = 2k, k ∈ {1, . . . , n} the ar γj belongs to a level set of f .
We shall all suh a funtion almost weakly regular on D.
Let f is a weakly regular funtion on D. We denote by 2 · N (f) the minimal
number of points and ars whih satisfy to Denition 1.4. Obviously, this number
is well dened and depends only on f .
Proposition 1.3. Suppose that for a ertain n ≥ 2 and a sequene of points
z1, . . . , z2n ∈ FrD funtion f omplies with onditions of Denition 1.4. If n =
N (f), then a family of sets {˚γ2k−1}nk=1 oinides with the family of onneted
omponents of the set of regular boundary points of f .
Proof. Let us designate a set of regular boundary points of f by R. The set R is
open in the spae FrD by denition, therefore its onneted omponents are open
ars of the irle FrD.
Let us hek that R ∩
⋃n
k=1 γ˚2k = ∅.
Really, for an arbitrary point z ∈ γ˚2k there exists its open neighbourhood small
enough to omply with the inequality U(z)∩FrD ⊆ γ˚2k, hene from the ondition
3′ of Denition 1.4 it follows that U(z) ∩ FrD ⊆ f−1(z) and a anonial neigh-
bourhood V (z) ⊆ U(z) of z in the sense of Denition 1.2 an not exist (see also
Remark 1.1).
Let us verify that if γ2k ∩ R 6= ∅ for some k ∈ {1, . . . , n} then γ˚2k = ∅ and
γ2k = {z2k}.
8Let γ2k ∩ R 6= ∅. Then γ2k ∩ R ⊆ {z2k, zm} = γ2k \ γ˚2k, where m ≡ 2k + 1
(mod 2n). But it is easy to see that if γ˚2k 6= ∅ then for an arbitrary neighbourhood
U of z2k in the spae D an intersetion U ∩ γ˚2k is not empty and ontains some
point z′ 6= z2k. Therefore {z2k, z′} ⊂ f−1(f(z)) ∩ U ∩ FrD and U an not be a
anonial neighbourhood of z2k in the sense of Denition 1.2. Similar is also true
for zm. Consequently, if γ˚2k 6= ∅ then {z2k, zm} ∩R = ∅ and γ2k ∩R = ∅.
Let n = N (f).
Let us hek that R ∩
⋃n
k=1 γ2k = ∅.
Really, if γ2k ∩ R 6= ∅ for some k ∈ {1, . . . , n} then z2k = zm, m ≡ 2k + 1
(mod 2n) and γ2k = {z2k} ⊂ R. Then the open ar γ˚2k−1∪γ2k∪ γ˚m is ontained in
R so we an throw o the points z2k, zm and replae three onsequent ars γ2k−1,
γ2k, γm, m ≡ 2k + 1 (mod 2n) by the ar γ2k−1 ∪ γ2k ∪ γm in order to redue the
quantity of points and orresponding ars in the olletion {z1, . . . , z2n}. But it is
impossible sine the quantity of points 2n is already minimal.
It is obvious that FrD =
⋃n
k=1 γ2k ∪
⋃n
k=1 γ˚2k+1 and
⋃n
k=1 γ˚2k+1 ⊆ R, therefore
R =
n⋃
k=1
γ˚2k+1
and the family {˚γ2k−1}nk=1 of disjoint nonempty onneted sets whih are open in
FrD oinides with the family of onneted omponents of the set R of regular
boundary points of f . 
Lemma 1.3. If f : D → R is almost weakly regular on D and N (f) = 2, then f
is weakly regular on D.
Proof. If N (f) = 2, then the frontier FrD of D onsists of four ars γ1, . . . , γ4,
where ars γ1 and γ3 are nondegenerate and f is stritly monotone on them.
On eah of the ars γ2 and γ4 funtion f is onstant and eah of these ars an
degenerate into a point. Let γ2 ⊆ f−1(c′), γ4 ⊆ f−1(c′′). From the strit monotony
of f on γ1 we onlude that c
′′ = f(z1) = f(γ4) 6= f(γ2) = f(z2) = c′. Let c′ < c′′
for deniteness.
Every interior point of D is regular, hene loal extremum points of f an
be situated only on the frontier FrD. From what we said above it follows that
f(D) = [c′, c′′] and every point of the set f−1(c′) ∪ f−1(c′′) is a loal extremum
point of f on D. Therefore f−1(c′)∪ f−1(c′′) ⊂ FrD. But f−1(c′)∩FrD = γ2 and
f−1(c′′) ∩ FrD = γ4. Consequently f−1(c′) = γ2, f−1(c′′) = γ4 and f is weakly
regular on D. 
Remark 1.3. There exist almost weakly regular on D funtions with N (f) > 2,
see Figure 1.
2. On level sets of weakly regular funtions on the square I2.
Let W be a domain in the plane R2, f : W → R be a ontinuous funtion.
9Figure 1. An almost weakly regular on D funtion f with N (f) =
5. w ∈ γ9 is a regular boundary point of f .
Denition 2.1. A simple ontinuous urve γ : [0, 1] → W is alled an U-
trajetory if f ◦ γ is strongly monotone on the segment [0, 1].
We designate I = [0, 1], I2 = I × I ⊆ R2, I˚2 = Int I2 = (0, 1)× (0, 1).
Let us onsider a ontinuous funtion f : I2 → R whih omplies with the
following properties:
• f([0, 1]× {0}) = 0, f([0, 1]× {1}) = 1;
• eah point of the set I˚2 is a regular point of f ;
• every point of {0, 1} × (0, 1) is a regular boundary point of f ;
• for any point of a dense subset Γ of (0, 1) × {0, 1} there exists an U-
trajetory whih goes through this point.
Proposition 2.1. Funtion f is weakly regular on the square I2.
Proof. We take z1 = (1, 0), z2 = (1, 1), z3 = (0, 1), z4 = (0, 0). It is obvious that
f is almost weakly regular on I2 for this sequene of points and that N (f) = 2.
Then as a onsequene of Lemma 1.3 this funtion is weakly regular on the square
I2. 
Corollary 2.1. f(z) ∈ (0, 1) for all z ∈ I × (0, 1). Moreover
• for every c ∈ (0, 1) level set f−1(c) is a support of a simple ontinuous
urve ζc : I → I2 suh that ζc(0) ∈ {0} × (0, 1), ζc(1) ∈ {1} × (0, 1),
ζc(t) ∈ I˚2 ∀t ∈ (0, 1);
• level sets f−1(0) = I × {0} and f−1(1) = I × {1} are supports of simple
ontinuous urves.
Proof. This statement follows from Lemma 1.1. 
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Lemma 2.1. Let v ∈ I2. For every ε > 0 there exists δ > 0 to satisfy the following
property:
(ELC) if a set f−1(c) is support of a simple ontinuous urve ζc : I → I2 for a
ertain c ∈ (0, 1) and ζc(s1), ζc(s2) ∈ Uδ(v) = {z | |z − v| < δ} for some
s1, s2 ∈ I, s1 < s2, then ζc(t) ∈ Uε(v) for all t ∈ [s1, s2].
Remark 2.1. Fulllment of the (ELC) ondition is an analog of so alled equi-
loally-onnetedness of a family of level sets of f in a point v ∈ I2 (see [4℄).
Proof. Let ontrary to Lemma statement there exist ε > 0, a sequene {dj} of
funtion f values, a family {ζj} of simple Jordan urves with supports {f−1(dj)},
and also sequenes {s′j}, {s
′′
j} and {τj} of parameter values, suh that orrelations
hold true
s′j < τj < s
′′
j ∀j ∈ N ,
lim
j→∞
ζj(s
′
j) = lim
j→∞
ζj(s
′′
j ) = v ,
dist(ζj(τj), v) ≥ ε ∀j ∈ N .
We shall denote v′j = ζj(s
′
j), v
′′
j = ζj(s
′′
j ), wj = ζj(τj), j ∈ N.
From the ompatness of square it follows that the sequene {wj} has at least
one limit point. Going over to a subsequene we an assume that this sequene is
onvergent. Let its limit is w. The ontinuity of f implies
d = lim
i→∞
dj = lim
i→∞
f(ζj(τj)) = f(w) = f(v) .
Let us x a simple ontinuous urve ζd : I → I2 with the support f−1(d). Then
v = ζd(s), w = ζd(τ) for ertain values of parameter s, τ ∈ I, s 6= τ .
We onsider the following possibilities.
Case 1. Let d /∈ {0, 1}.
We x t0 ∈ I suh that one of pairs of inequalities s < t0 < τ or τ < t0 < s
holds true. Designate z0 = ζd(t0). We note that it follows that t0 /∈ {0, 1} from
the hoie of t0, therefore Corollary 2.1 implies inequality z0 /∈ {0, 1} × I, whih
in turn has as a onsequene inlusion z0 ∈ I˚2 = Int I2.
Denition 1.1 implies that for a ertain α > 0 through z0 passes an U-trajetory
γ0 : I → I2 suh that γ0(0) ∈ f−1(d − α), γ0(1) ∈ f−1(d + α), γ0(1/2) = z0.
Moreover, if neessary we an derease α as muh that the urve γ0 will not
interset lateral sides of the square I2.
Let us onsider a urvilinear quadrangle J bounded by Jordan urves ζd−α =
f−1(d − α), ζd+α = f−1(d + α), η0 = f−1([d − α, d + α]) ∩ ({0} × I), η1 =
f−1([d − α, d+ α]) ∩ ({1} × I). It is lear that this quadrangle is homeomorphi
to losed disk.
Ends ζd(0) and ζd(1) of the Jordan urve ζd are ontained in lateral sides of
J , namely ζd(0) ∈ η0, ζd(1) ∈ η1 (see Corollary 2.1). From the other side by
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onstrution the urve γ0 is a ut of the quadrangle J between the points γ0(0) ∈
ζd−α and γ0(1) ∈ ζd+α whih are ontained in its bottom and top side respetively.
From what we said above it follows that the set J \ γ0(I) has two onneted
omponents J0 and J1, moreover η0 and η1 are ontained in dierent omponents.
Let η0 ⊆ J0, η1 ⊆ J1.
It is obvious that γ0(I)∩ ζd(I) = {z0} = {ζd(t0)}. Hene points v and w belong
to dierent omponents of J \ γ0(I).
Really, if s < t0 < τ then ζd([0, s]) ⊆ J0, ζd([τ, 1]) ⊆ J1, beause ζd([0, s]),
ζd([τ, 1]) ⊆ J \ γ0(I), these sets are onneted and inequalities are fullled ∅ 6=
ζd([0, s]) ∩ J0 ∋ ζd(0), ∅ 6= ζd([τ, 1]) ∩ J1 ∋ ζd(1). By analogy, if τ < t0 < s then
ζd([0, τ ]) ⊆ J0 and ζd([s, 1]) ⊆ J1.
Let V and W are open neighbourhoods of the points v and w respetively, and
one of these sets does not interset J0, the other has an empty intersetion with J1.
Existene of suh neighbourhoods is a onsequene from the following argument:
if for a ertain m ∈ {0, 1} the point z does not belong neither to the set Jm, nor
to the urve γ0, then z ∈ Int (R
2 \ Jm) sine Jm = Jm ∪ γ0(I).
So, one of the sets V0 = V ∩ J , W0 = W ∩ J belongs to J0, other is ontained
in J1.
Fix so big k ∈ N that v′k, v
′′
k ∈ V , wk ∈ W , dk ∈ (d − α, d + α). Then v
′
k, v
′′
k ,
wk ∈ ζk(I) = f−1(dk) ⊆ J and v′k, v
′′
k ∈ V0, wk ∈ W0. Thus the ends of both simple
ontinuous urves ζk([s
′
k, τk]) and ζk([τk, s
′′
k]) are ontained in dierent onneted
omponents of J \ γ0. Therefore there exist t′ ∈ (s′k, τk), t
′′ ∈ (τk, s′′k) suh that
ζk(t
′), ζk(t
′′) ∈ γ0(I).
By onstrution we have ζk(t
′) 6= ζk(t′′), but this is impossible sine the ar γ0
is U-trajetory and should interset a level set f−1(dk) = ζk(I) not more than in
one point. This brings us to the ontradition with our initial assumptions and
proves Lemma in the ase 1.
Case 2. Let d ∈ {0, 1}.
Obviously, ζd(I) is a onneted omponent of the set I × {0, 1}. Therefore the
set Γ ∩ ζd(I) is dense in ζd(I). Mapping ζd is homeomorphism onto its image,
hene the set Γ′ = ζ−1d (Γ∩ ζd(I)) is dense in segment. We x t0 ∈ Γ
′
suh that one
of the following pairs of inequalities s < t0 < τ or τ < t0 < s is fullled. Denote
z0 = ζd(t0). By the hoie of t0 there exists a U-trajetory whih passes through
z0.
Further on this ase is onsidered by analogy with ase 1 with evident hanges.

Let us reall one important denition (see [5, 6℄). Let α, β : I → R2 be ontin-
uous urves. We designate by Aut+(I) a set of all orientation preserving home-
omorphisms of the segment onto itself. For every H ∈ Aut+(I) (H(0) = 0) we
12
sign
D(H) = max
t∈I
dist(α(t), β ◦H(t)) .
Denition 2.2. Value
distF(α, β) = inf
H∈Aut+(I)
D(H)
is alled a Frehet distane between urves α and β.
For every value c ∈ I of a funtion f we an x a parametrization ζc : I → R
2
of the level set f−1(c) in suh way that an inlusion ζc(0) ∈ {0} × I holds true
(see Corollary 2.1). The following statement is valid.
Lemma 2.2. Let c ∈ I. For every ε > 0 there exists δ > 0 suh that distF(ζc, ζd) <
ε when |c− d| < δ.
Proof. Let c ∈ I, ζc : I → I2 is a simple ontinuous urve with a support f−1(c).
Let ε > 0 is given.
Let us nd for every t ∈ I a number δ(t) > 0 whih satises Lemma 2.1 for a
point ζc(t) and εˆ = ε/2.
We onsider two possibilities.
Case 1. Let c ∈ (0, 1). It is lear that for every t ∈ I there exists a neighbour-
hood U(t) of ζc(t) whih omplies with the following onditions:
• U(t) ⊆ Uδ(t)(ζc(t));
• U(t) is a anonial neighbourhood from Denition 1.1 when t ∈ (0, 1) or
from Denition 1.2 for t ∈ {0, 1}.
Let a family of sets
U0 = U(0), U1 = U(t1), . . . , Un−1 = U(tn−1), Un = U(1) ,
forms a nite subovering of a overing {U(t)}t∈I of the ompat f−1(c).
We denote zi = ζc(ti), Ji = ζ
−1
c (Ui ∩ f
−1(c)), i ∈ {0, . . . , n}. By onstrution
a family of sets {Ji}ni=0 is a overing of I. From Denitions 1.1 and 1.2 it follows
that
J0 ∼= [0, 1) , Jn ∼= (0, 1] ; Ji ∼= (0, 1) , i ∈ {1, . . . , n− 1} .
If neessary we derease neighbourhoods Ui as muh that on one hand they
remain anonial and form a overing of f−1(c) as before, on the other hand no
two dierent intervals from the family {Ji}ni=0 should have a ommon endpoint.
It is straightforward that there exists a nite sequene of numbers 0 = τ0 <
τ1 < . . . < τm−1 < τm = 1, whih satises a ondition:
• for every k ∈ {1, . . . , m} there exists i(k) ∈ {0, . . . , n} suh that τk−1,
τk ∈ Ji(k).
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We x suh a family {τk}mk=0 and denote by θ : {1, . . . , m} → {0, . . . , n} a mapping
θ : k 7→ i(k). We also designate wk = ζc(τk), k ∈ {0, . . . , m}.
From Denitions 1.1 and 1.2 it follows that through every point wk, k ∈
{0, . . . , m} passes an U-trajetory γk : I → I2 whih omplies with inequali-
ties f ◦ γk(0) < c < f ◦ γk(1). We an also assume that γ0(I) ⊂ {0} × I and
γm(I) ⊂ {1}× I (see Denition 1.2). If neessary we derease these U-trajetories
as muh that they should be pairwise disjoint and for every k ∈ {0, . . . , m} rela-
tions γk−1(I), γk(I) ⊂ Uθ(k) should hold true (that an be done sine the urves
γk are ontinuous and by onstrution inlusions wk−1, wk ∈ Uθ(k) are valid). Let
us designate
δ = min
k∈{0,...,m}
min(|f ◦ γk(0)− c|, |f ◦ γk(1)− c|) .
Suppose that an inequality |c − d| < δ holds true. Then by onstrution a
simple ontinuous urve ζd : I → I2 with the support f−1(d) must interset every
U-trajetory γk in a single point w
d
k. Denote τ
d
k = ζ
−1
d (w
d
k), k ∈ {0, . . . , m}.
By hoie of parameterization of urves ζc and ζd we have ζc(j), ζd(j) ∈ {j}×I,
j = 0, 1. Therefore wdk ∈ γk(I) when k = 0 or m, and τ
d
0 = 0, τ
d
m = 1.
We designate K = [min(c, d),max(c, d)]. Let us onsider a urvilinear quad-
rangle R bounded by urves ζc, γ0(I) ∩ f
−1(K), ζd, γm(I) ∩ f
−1(K). Curves
γk(I)∩ f−1(K), k ∈ {1, . . . , m− 1} form uts of this quadrangle between top and
bottom sides and are pairwise disjoint. The straightforward onsequene of this
fat is that orresponding endpoints {wk} and {wdk} of these uts are similarly
ordered on the urves ζc and ζd. Therefore
0 = τd0 < τ
d
1 < . . . < τ
d
m−1 < τ
d
m = 1 .
Let a mapping H : I → I translates τk to τdk for every k and a segment [τk−1, τk]
linearly maps onto [τdk−1, τ
d
k ], k ∈ {1, . . . , m}. It is lear that H ∈ Aut+(I).
Let us estimate the value of D(H). By onstrution for every k ∈ {1, . . . , m}
we have
wk−1, wk, w
d
k−1, w
d
k ∈ Uθ(k) ,
therefore, it follows from the hoie of neighbourhood Uθ(k) of the point zθ(k) and
from Lemma 2.1 that
ζc([τk−1, τk]), ζd([τ
d
k−1, τ
d
k ]) ⊂ Uε/2(zθ(k))
and for every t ∈ [τk−1, τk] an inequality dist(ζc(t), ζd ◦H(t)) < ε holds true.
From what was said above we make a onsequene that
distF(ζc, ζd) ≤ D(H) = max
k∈{1,...,m}
max
t∈[τk−1,τk]
dist(ζc(t), ζd ◦H(t)) < ε ,
if |c− d| < δ.
Case 2. Let c ∈ {0, 1}. In this ase proof mainly repeats argument of the
previous ase with the following hanges.
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We know already that a set Γ′ = ζ−1c (Γ ∩ ζc(I)) is dense in segment (see the
proof of Lemma 2.1). Moreover, every point of the set {0, 1} × (0, 1) is a regular
boundary point of f . Therefore, on eah of lateral sides of the square f is strongly
monotone, hene both of lateral sides of the square are supports of U-trajetories,
and 0, 1 ∈ Γ′.
The set ζc(I) in the ase under onsideration is the linear segment, so we an
selet a overing {U(t)}t∈I from the following reason:
• U(t) = Uδ(t)(ζc(t)) for t = 0, 1;
• U(t) = Uδ′(t)(ζc(t)), where δ′(t) < min(δ, t, 1− t) when t ∈ (0, 1).
After the hoie of numbers 0 = τ0 < τ1 < . . . < τm = 1 is done, we an with
the help of small perturbations of τ1, . . . , τm−1 ahieve that {τ0, . . . , τm} ⊂ Γ
′
and
a family {τk} keeps its properties (see ase 1). Then for every k ∈ {0, . . . , m}
there exists an U-trajetory whih passes through ζc(τk).
Subsequent proof repeats the argument of ase 1. 
Let us remind several important denitions.
Let λ : I → R2 is a ontinuous urve. For every n ∈ N we designate by Sn(λ)
a set of all sequenes (pi ∈ λ(I))ni=0 of the length n + 1, suh that pi = λ(ti),
i = 0, . . . , n, and inequalities t0 ≤ t1 ≤ . . . ≤ tn hold true. Denote
d(p0, . . . , pn) = min
i=1,...,n
dist(pi−1, pi) .
Denition 2.3 (see [5, 6℄). Let λ : I → R2 be a ontinuous urve,
µn(λ) = sup
(p0,...,pn)∈Sn(λ)
d(p0, . . . , pn) , n ∈ N .
A value
µλ =
∑
n∈N
µn(λ)
2n
is alled µ-length of λ.
Let again λ : I → R2 is a ontinuous urve. We onsider a family of ontinuous
urves λt : I → R2, λt(τ) = λ(tτ), t ∈ I. Let µ(t) = µλt , t ∈ I, is a µ-length of
the urve λ from 0 to t. It is known that µ ontinuously and monotonially maps
I onto [0, µλ]. It is found that for an arbitrary ontinuous urve λ and for every
c ∈ [0, µλ] a set λ(µ−1(c)) is singleton. Hene a mapping rλ : [0, µλ]→ λ(I) ⊂ R2,
rλ(c) = λ(µ
−1(c)), is well dened. It is known also that this mapping is ontinuous.
Denition 2.4 (see [6℄). A urve rλ is alled a µ-parameterization of λ.
We say that a ontinuous urve η : I → R2 is derived from a ontinuous urve
λ : I → R2 if there exists suh a ontinuous nondereasing surjetive mapping
u : I → I that η(t) = λ ◦ u(t), t ∈ I. It is known that an arbitrary urve λ
is derived from its µ-parameterization rλ (see [6℄). Therefore, if λ is a simple
ontinuous urve, then rλ is also a simple ontinuous urve.
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Denition 2.5 (see [6℄). Class of urves is a family of all ontinuous urves with
the same µ-parameterization.
It turns out (see [6℄) that the Frehet distane between urves does not hange
when we replae urves to other representatives of their lass of urves. Conse-
quently Frehet distane is well dened on the set of all lasses of urves. Moreover
it is known that Frehet distane is the distane funtion on this set. We shall
denote metri spae of lasses of urves with the Frehet distane by M(R2).
We onsider a set R ⊆M(R2)× R,
R =
⋃
λ∈M(R2)
{(λ, τ) | τ ∈ [0, µλ]} ,
and a orrespondene q : R→ R2,
q(λ, τ) = rλ(τ) , (λ, τ) ∈ R ,
whih maps a pair (λ, τ) to a point of the urve λ suh that µ-length of λ from
λ(0) to this point equals τ . It is known (see [6℄) that the mapping q is ontinuous.
This allows us to prove following.
Lemma 2.3. Let ϕ : I → M(R2) be a ontinuous mapping suh that µϕ(t) > 0
for every t ∈ I.
Then a map Φ : I2 → R2,
Φ(τ, t) = rϕ(t)(µϕ(t) · τ) , (τ, t) ∈ I
2 ,
is ontinuous and for any t ∈ I orrelation Φ(I × {t}) = ϕ(t)(I) holds true.
Before we begin to prove Lemma we will hek following statement.
Proposition 2.2. Let [a, b] ⊆ R and α, β : [a, b]→ R be suh ontinuous funtions
that α(x) < β(x) for every x ∈ [a, b]. Let
K = {(x, y) ∈ R2 | x ∈ [a, b], y ∈ [α(x), β(x)]} .
Then a mapping G : [a, b]× I → K,
G(x, t) = (x, tβ(x) + (1− t)α(x))
is homeomorphism.
Proof. We shall onsider G as a mapping [a, b]× I → R2.
It is known (see [7℄) that a mappingΦ : X →
∏
α Yα is ontinuous i a oordinate
mapping prα ◦Φ : X → Yα is ontinuous for every α.
It is easy to see that oordinate mappings pr1 ◦G : (x, t) 7→ x and pr2 ◦G(x, t) =
tβ(x) + (1− t)α(x), (x, t) ∈ [a, b]× I, are ontinuous sine they both an be rep-
resented as ompositions of ontinuous mappings. Therefore G is also ontinuous.
The mapping G is injetive. It transforms linearly every segment {x} × I onto
a segment {x} × [α(x), β(x)]. It is lear that the subspae K of the plane R2 is
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Hausdor and G([a, b] × I) = K. The spae [a, b] × I is ompat, therefore G is
homeomorphism onto its image K. 
Proof of lemma 2.3. Let us onsider a set
K =
⋃
c∈I
{(c, τ) | τ ∈ [0, µϕ(c)]} ,
and a mapping Ψ = ϕ× Id : K → R ⊂M(R2)× R,
Ψ(c, τ) = (ϕ(c), τ), (c, τ) ∈ K .
It is lear that this mapping is ontinuous sine both projetions pr1 = ϕ and
pr2 = Id are ontinuous.
We onsider also a ontinuous mapping θ = q ◦Ψ : K → R2, θ(c, τ) = rϕ(c)(τ),
(c, τ) ∈ K. Obviously, following equalities hold true
θ({c} × [0, µϕ(c)]) = rϕ(c)([0, µϕ(c)]) = ϕ(c)(I) .
We denote α(t) = 0, β(t) = µϕ(t), t ∈ I. It is known (see [6℄) that a funtion
whih assoiates to a ontinuous urve λ its µ-length µλ is ontinuous on the
spae M(R2), therefore funtions α and β are ontinuous. Moreover, α(t) < β(t)
for every t ∈ I by ondition of Lemma. We apply Proposition 2.2 to K and
get a homeomorphism G : I2 → K, G(t, τ) = (t, µϕ(t) · τ), (t, τ) ∈ I2 suh that
G({t} × I) = {t} × [0, µϕ(c)] for all t ∈ I.
Let us onsider also a homeomorphism T : I2 → I2, T (x, y) = (y, x), (x, y) ∈ I2
and a ontinuous mapping Φ = θ ◦G ◦ T : I2 → R2,
Φ(τ, t) = θ ◦G(t, τ) = θ(t, µϕ(t) · τ) = rϕ(t)(µϕ(t) · τ) , (τ, t) ∈ I
2 .
This mapping omplies with the equalities
Φ(I × {t}) = θ ◦G({t} × I) = θ({t} × [0, µϕ(t)]) = ϕ(t)(I) .
Lemma is proved. 
3. Retifiation of foliations on disk whih are indued by
regular funtions.
What we said above allows us to prove the following theorem.
Theorem 3.1. Let a ontinuous funtion f : I2 → R omplies with the following
onditions:
• f([0, 1]× {0}) = 0, f([0, 1]× {1}) = 1;
• every point of the set I˚2 is a regular point of f ;
• all points of a set {0, 1} × (0, 1) are regular boundary points of f ;
• through any point of a subset Γ dense in (0, 1)×{0, 1} passes a U-trajetory.
Then there exists a homeomorphism Hf : I
2 → I2 suh that Hf(z) = z for all
z ∈ I × {0, 1} and f ◦Hf(x, y) = y for every (x, y) ∈ I2.
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Proof. For every value c ∈ I of the funtion f we x a parameterization ζc : I → R2
of the level urve f−1(c) to satisfy equalities ζc(0) ∈ {0} × I (see Corollary 2.1).
We onsider a mapping ϕ : I → M(R2), ϕ(c) = ζc, c ∈ I. From Lemma 2.2
it follows that this map is ontinuous. Moreover, it is known (see [6℄) that for
every ontinuous urve λ an inequality µλ ≥ (diamλ(I))/2 holds true. Therefore
µζc > 0 for every c ∈ I and ϕ omplies with the ondition of Lemma 2.3.
Let Φ : I2 → R2, Φ(τ, t) = rζt(µζt · τ), (τ, t) ∈ I
2
is a ontinuous mapping from
Lemma 2.3. Then
Φ(I2) =
⋃
c∈I
Φ(I × {c}) =
⋃
c∈I
ζc(I) =
⋃
c∈I
f−1(c) = I2 .
For every simple ontinuous urve ζc, c ∈ I, its µ-parametrization rζc is a simple
ontinuous urve, so for every c ∈ I a mapping
Φ
∣∣
I×{c}
: I × {c} → ζc(I)
is injetive. More than that, when c 6= d we obviously have
Φ(I × {c}) ∩ Φ(I × {d}) = ζc(I) ∩ ζd(I) = f
−1(c) ∩ f−1(d) = ∅ .
Therefore Φ is injetive mapping. It is known that a ontinuous injetive mapping
of ompat into a Hausdor spae is a homeomorphism onto its image, hene
Φ : I2 → I2 is homeomorphism.
Let us denote Hf = Φ. It is obvious that Hf(x, y) ∈ ζy(I) and ζy(I) = f−1(y),
so f ◦Hf(x, y) = y for all (x, y) ∈ I2.
It is straightforward that if a support of a ontinuous urve λ : I → R2 is a
linear segment of the length s, then µn(λ) = s/n, n ∈ N,
µλ =
∑
n∈N
s
n2n
= s · S , S =
∑
n∈N
1
n2n
,
and rλ : [0, µλ]→ λ(I) maps a segment [0, µλ] = [0, s · S] linearly onto λ(I).
Consequently
Hf(τ, 0) = Φ(τ, 0) = rζ0(µζ0 · τ) = (τ, 0) ,
Hf(τ, 1) = Φ(τ, 1) = rζ1(µζ1 · τ) = (τ, 1) , τ ∈ I .
So, Hf(z) = z for all z ∈ I × {0, 1}. 
Corollary 3.1. Let a ontinuous funtion f : I2 → R omplies with all onditions
of Theorem 3.1 exept the rst one, instead of whih the following ondition is
fullled:
• f([0, 1]× {0}) = f0, f([0, 1]× {1}) = f1 for ertain f0, f1 ∈ R, f0 6= f1.
Then there exists a homeomorphism Hf : I
2 → I2 suh that Hf(z) = z for all
z ∈ I × {0, 1} and f ◦Hf(x, y) = (1− y)f0 + yf1 for every (x, y) ∈ I2.
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Proof. Let us onsider a homeomorphism h : R→ R,
h(t) =
t− f0
f1 − f0
.
An inverse mapping h−1 : R→ R is given by a relation h−1(τ) = (f1− f0)τ + f0 =
τf1 + (1− τ)f0.
It is lear that a funtion f˜ = h◦f satises ondition of Theorem 3.1. Therefore
there exists a homeomorphism Hf˜ : I
2 → I2 whih xes top and bottom sides of
the square and suh that f˜ ◦ Hf˜(x, y) = y, (x, y) ∈ I
2
. Then f ◦ Hf˜(x, y) =
h−1 ◦ f˜ ◦ Hf˜(x, y) = h
−1(y) = yf1 + (1 − y)f0, (x, y) ∈ I2 and the mapping
Hf = Hf˜ omplies with the ondition of Corollary. 
We shall need the following lemma.
Lemma 3.1. Let [a, b] ∈ R and α, β : [a, b] → R are suh ontinuous funtions
that α(t) < β(t) for every t ∈ [a, b]. Let
K = {(x, y) ∈ R2 | y ∈ [a, b], x ∈ [α(y), β(y)]} ,
K˚ = {(x, y) ∈ R2 | y ∈ (a, b), x ∈ (α(y), β(y))} .
Suppose that a ontinuous funtion f : K → R satises following onditions:
• f([α(a), β(a)]× {a}) = f0, f([α(b), β(b)]× {b}) = f1 for some f0 6= f1;
• every point of the set K˚ is regular point of f ;
• all points of the set
{
(x, y) | y ∈ (a, b), x ∈ {α(y), β(y)}
}
are regular bound-
ary points of f ;
• through any point of a set Γ dense in
(
(α(a), β(a))×{a}
)
∪
(
(α(b), β(b))×
{b}
)
passes an U-trajetory.
Then there exists a homeomorphism Hf : K → K suh that Hf(z) = z for all
z ∈
(
[α(a), β(a)]× {a}
)
∪
(
[α(b), β(b)]× {b}
)
and
f ◦Hf(x, y) =
(
(b− y)f0 + (y − a)f1
)
/(b− a)
for every (x, y) ∈ K.
Proof. Let T : I2 → I2, T (x, y) = (y, x), (x, y) ∈ R2. Let us designate by pr1,
pr2 : R
2 → R projetions on orresponding oordinates.
We onsider a set KT = {(x, y) | T (x, y) ∈ K} and use Proposition 2.2 to map
it onto a retangle [a, b] × I with the help of a homeomorphism G. Note that on
onstrution pr1 ◦G(x, y) = x, (x, y) ∈ K
T
.
Let us examine a homeomorphism Gˆ = T ◦ G ◦ T : K → I × [a, b] and a linear
homeomorphism L : I× [a, b]→ I2, L(x, y) = (x, (y−a)/(b−a)), (x, y) ∈ I× [a, b].
Denote F = L ◦ Gˆ : K → I2. Clearly F is homeomorphism. It is easy to see that
pr2 ◦Gˆ(x, y) = y, (x, y) ∈ K, hene pr2 ◦F (x, y) = (y − a)/(b − a) for every
(x, y) ∈ K.
Consider a ontinuous funtion fˆ = f ◦ F−1 : I2 → R. A straightforward
veriation shows that fˆ omplies with ondition of Corollary 3.1, therefore there
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exists a homeomorphism Hfˆ : I
2 → I2 whih is identity on the set I × {0, 1} and
suh that fˆ ◦Hfˆ(x, y) = f1y + f0(1− y) for all (x, y) ∈ I
2
.
Let us denote Hf = F
−1 ◦Hfˆ ◦ F : K → K. It is easy to see that
F
((
[α(a), β(a)]× {a}
)
∪
(
[α(b), β(b)]× {b}
))
= I × {0, 1} ,
therefore form Corollary 3.1 it follows thatHf(z) = F
−1◦Hfˆ ◦F (z) = F
−1◦F (z) =
z for every z ∈
(
[α(a), β(a)]× {a}
)
∪
(
[α(b), β(b)]× {b}
)
.
Moreover, for every (x, y) ∈ K we have f ◦Hf(x, y) = f ◦ F−1 ◦Hfˆ ◦ F (x, y) =
fˆ ◦Hfˆ ◦F (x, y) = f1τ+f0(1−τ), where τ = pr2 ◦F (x, y) = (y−a)/(b−a). Taking
into aount an equality 1− τ = (b− y)/(b− a), nally we obtain
f ◦Hf (x, y) =
(y − a)f1 + (b− y)f2
b− a
, (x, y) ∈ K .
Q. E. D. 
Let us introdue following notation: a− = (−1, 0), a+ = (1, 0),
D
2
+ = {z | |z| ≤ 1 and Imz ≥ 0} , D˚
2
+ = {z | |z| < 1 and Imz > 0} ,
S+ = {z | |z| = 1 and Imz ≥ 0} , S˚+ = S+ \ {a−, a+} .
Theorem 3.2. Let a ontinuous funtion f : D
2
+ → R omplies with onditions:
• every point of the set D˚2+ is a regular point of f ;
• a ertain point v ∈ S˚+ is loal maximum of f , all the rest points of S˚+ are
regular boundary points of f ;
• f([−1, 1]× {0}) = 0, f(v) = 1;
• through every point of a set Γ whih is dense in (0, 1) × {0, 1} passes an
U-trajetory.
Then there exists a homeomorphism Hf : D
2
+ → D
2
+ suh that Hf(z) = z for
all z ∈ [−1, 1]× {0} and f ◦Hf(x, y) = y for every (x, y) ∈ D
2
+ ⊂ R
2
.
Proof. We designate by γ− and γ+ lose ars whih are ontained in S+ and join
with v points a− and a+ respetively. Let γ˚− = γ− \{a−, v} and γ˚+ = γ+ \{a+, v}
are orresponding open ars. It is lear that on eah of the ars γ− and γ+ funtion
f hanges stritly monotonously from 0 to 1.
Similarly to Proposition 2.1 we prove that f is weakly regular on D
2
+. Like in
Corollary 2.1 from this follows that f(z) ∈ (0, 1) for all z ∈ D
2
+ \
(
([−1, 1]×{0})∪
{v}
)
and for every c ∈ (0, 1) a level set f−1(c) is a support of a simple ontinuous
urve ζc : I → D
2
+, with ζc(0) ∈ γ˚−, ζc(1) ∈ γ˚+ and ζc(t) ∈ D˚
2
+ when t ∈ (0, 1).
We apply Proposition 1.2 to a level set f−1(1) = {v} and nd an inreasing
sequene of numbers 0 = c0 < c1 < c2 < . . . < 1, limk→∞ ck = 1, whih satises
the following requirement: f−1(c) ⊂ U1/k(v) for all c ≥ ck, k ∈ N. Here Uε(v) =
{z ∈ D
2
+ | dist(z, v) < ε} is a ε-neighbourhood of v.
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Figure 2. A homeomorphism Φk : Jk → Ik
Let ζ˜k = ζck : I → D
2
+ be simple ontinuous urves with supports f
−1(ck),
k ∈ N. Let also ζ˜0 : I → f−1(0) = [−1, 1] × {0} ⊂ D
2
+, f(t) = (2t − 1, 0). We
denote ak− = ζ˜k(0) ∈ γ˚−, a
k
+ = ζ˜k(1) ∈ γ˚+ (see above), a
0
− = a−, a
0
+ = a+.
Let γk− : I → γ−, k ∈ N, be simple ontinuous urves suh that γ
k
−(0) = a
k
−,
γk−(1) = a
k+1
− . By analogy we x simple ontinuous urves γ
k
+ : I → γ+ suh that
γk+(0) = a
k
+, γ
k
+(1) = a
k+1
+ .
We also designate bk− = (−
√
1− c2k, ck), b
k
+ = (
√
1− c2k, ck) ∈ S+, k ≥ 0.
For every k ≥ 0 we x three ontinuous injetive mappings ϕk : ζ˜k(I) →[
−
√
1− c2k,
√
1− c2k
]
× {ck}, ψk− : γ
k
−(I) → S+ and ψ
k
+ : γ
k
+(I) → S+, whih
satisfy requirements: ϕk(0) = ψ
k
−(0) = b
k
−, ϕk(1) = ψ
k
+(0) = b
k
+, ψ
k
−(1) = b
k+1
− ,
ψk+(1) = b
k+1
+ . We an regard that ϕ0 = id : [−1, 1] × {0} → [−1, 1] × {0} is an
identity mapping.
Let us onsider following simple ontinuous urves
ξk = ϕk ◦ ζ˜k : I →
[
−
√
1− c2k,
√
1− c2k
]
× {ck} ⊂ D
2
+ ,
ηk− = ψ
k
− ◦ γ
k
− , η
k
+ = ψ
k
+ ◦ γ
k
+ : I → S+ , k ≥ 0 .
Let Jk be a urvilinear retangle bounded by urves γ
k
−, ζ˜k, γ
k
+ and ζ˜k+1, and
Ik =
{
(x, y) | y ∈ [ck, ck+1], x ∈
[
−
√
1− y2,
√
1− y2
]}
be a urvilinear retangle
bounded by urves ηk−, ξk, η
k
+ and ξk+1. It is straightforward that the mappings
ψk−, ϕk, ψ
k
+ and ϕk+1 indue a homeomorphism Φ
0
k : ∂Jk → ∂Ik of a boundary ∂Jk
of the set Jk onto a boundary ∂Ik of Ik, moreover on the set ζ˜k(I) = ∂Jk−1 ∩ ∂Jk
mappings Φ0k−1 and Φ
0
k oinide for every k ∈ N.
We use theorem of Shoenies (see [8, 9℄) and for every k ≥ 0 ontinue the
mapping Φ0k to a homeomorphism Φk : Jk → Ik (see Figure 2). Remark that by
onstrution homeomorphisms Φk−1 and Φk oinide on a set ζ˜k(I) = Jk−1 ∩ Jk
for all k ∈ N.
For every k ≥ 0 we onsider a funtion f ◦ Φ−1k : Ik → R. A straightforward
veriation shows that this funtions omplies with the ondition of Lemma 3.1
with f0 = ck and f1 = ck+1. Therefore there exists a homeomorphismHk : Ik → Ik
whih is an identity on a set ξk(I) ∪ ξk+1(I) and suh that
f ◦ Φ−1k ◦Hk(x, y) =
(ck+1 − y)ck + (y − ck)ck+1
ck+1 − ck
= y , y ∈ Ik .
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It is obvious that by onstrution homeomorphisms Φ−1k−1 ◦Hk−1 and Φ
−1
k ◦Hk
oinside on the set ξk(I) = Ik−1 ∩ Ik for every k ∈ N. Therefore we an dene a
mapping Hf : D
2
+ → D
2
+,
Hf(x, y) =


Φ−1k ◦Hk(x, y) , if y ∈ [ck, ck+1] ;
v , if (x, y) = (0, 1) ,
and by onstrution it satises the relation f ◦Hf(x, y) = y, (x, y) ∈ D
2
+.
It is easy to see that this mapping is bijetive. Moreover Hf(z) = ϕ
−1
0 (z) = z
when z ∈ [−1, 1]× {0}. The set D
2
+ is ompat, so for ompletion of the proof it
is suient to verify ontinuity of Hf .
Let us onsider the set D˜+ = D
2
+ \ {(0, 1)} and its overing {Ik}k≥0. This
overing is loally nite and lose, so it is fundamental (see [7℄). Moreover by
onstrution all mappings Hf |Ik = Φ
−1
k ◦ Hk are ontinuous. Consequently, the
mapping Hf is also ontinuous on D˜+.
In order to prove the ontinuity of Hf in the point (0, 1) we observe that a
family of sets
Wk = {(x, y) ∈ D
2
+ | y > ck} = {(x, y) ∈ D
2
+ | f ◦Hf (x, y) > ck} , k ∈ N ,
forms the base of neighbourhoods of (0, 1). We sign
Vk = Hf(Wk) = {(x, y) ∈ D
2
+ | f(x, y) > ck} , k ∈ N .
Aording to the hoie of numbers {ck}k≥0 for every c ≥ ck the inequality
f−1(c) ⊂ U1/k(v) holds true, k ∈ N. So
Vk ⊆ U1/k(v) , k ∈ N .
A family of sets {U1/k(v)}k∈N forms the base of neighbourhoods of v = Hf(0, 1)
and for every k ∈ N the inequality H−1f (U1/k(v)) ⊇ Wk = H
−1
f (Vk) is valid.
Consequently, the mapping Hf is ontinuous in (0, 1), and hene it is ontinuous
on D
2
+.
Q. E. D. 
Similarly to 3.1 the following statement is proved.
Corollary 3.2. Assume that a ontinuous funtion f : D
2
+ → R omplies with
the requirements:
• every point of the set D˚2+ is a regular point of f ;
• a ertain point v ∈ S˚+ is a loal extremum of f , all the rest points of S˚+
are regular boundary points of f ;
• f([−1, 1]× {0}) = f0, f(v) = f1 for some f0, f1 ∈ R, f0 6= f1;
• through every point of a set Γ, whih is dense in (0, 1)× {0, 1}, passes an
U-trajetory.
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Then there exists a homeomorphism Hf : D
2
+ → D
2
+ suh that Hf(z) = z for
all z ∈ [−1, 1]× {0} and f ◦Hf(x, y) = (1− y)f0 + yf1 for every (x, y) ∈ D
2
+.
Corollary 3.3. Let a ontinuous funtion f : D2 → R satises the onditions:
• every point of the set IntD2 is a regular point of f ;
• ertain points v+, v− ∈ S = FrD2 are loal maximum and minimum of f
respetively; all other points of S are regular boundary points of f ;
Then there exists a homeomorphism Hf : D
2 → D2 suh that
f ◦Hf(x, y) =
(1− y)f(v−) + (1 + y)f(v+)
2
, (x, y) ∈ D2 .
Proof. Similarly to Proposition 2.1 it is proved that the funtion f is weakly regular
on D2.
Let γ1, γ2 = {v−}, γ3 and γ4 = {v+} be the ars from Denition 1.3. By analogy
with Corollary 2.1 it is proved that f(z) ∈ (f(v−), f(v+)) for all z ∈ D2 \{v+, v−},
and also for eah c ∈ (f(v−), f(v+)) a level set f−1(c) is a support of a simple
ontinuous urve ζc : I → D2, moreover ζc(0) ∈ γ˚1, ζc(1) ∈ γ˚3 and ζc(t) ∈ IntD2
for t ∈ (0, 1).
Let c0 = (f(v−) + f(v+))/2. It is straightforward that a set f
−1(c0) divides
disk D2 into two parts, one of whih ontains the point v−, the other ontains
v+. We denote losures of onneted omponents of D
2 \ f−1(c0) by D− and D+
respetively. Eah of these sets is homeomorphi to losed disk and orrelations
D− = {z ∈ D2 | f(z) ≤ c0}, D+ = {z ∈ D2 | f(z) ≥ c0}, v− ∈ D−, v+ ∈ D+,
D− ∩D+ = f
−1(c0) are fullled.
The set f−1(c0) is the support of a simple ontinuous urve ζ : I → D2 (see
above). For every t ∈ (0, 1) a point ζ(t) is a regular point of f , therefore through
this point passes a U-trajetory and it is divided by the point ζ(t) into two ars,
one of whih is ontained in D−, the other belongs to D+. Consequently, in eah
of the sets D− and D+ through the point ζ(t) passes a U-trajetory, so we an
take advantage of Corollary 3.2 and by means of a straightforward veriation we
establish validity of the following laims:
• there exists suh a homeomorphism H− : D− → D
2
+ that H− ◦ ζ(t) =
(2t− 1, 0), t ∈ I and
f ◦H−1− (x, y) = (1− y)c0 + yf(v−) =
=
(1− y)(f(v−) + f(v+))
2
+ yf(v−) =
(1 + y)f(v−)
2
+
(1− y)f(v+)
2
;
• there exists a homeomorphism H+ : D+ → D
2
+ whih omplies with the
equalities H+ ◦ ζ(t) = (2t− 1, 0), t ∈ I and
f ◦H−1+ (x, y) = (1− y)c0 + yf(v+) =
(1− y)f(v−)
2
+
(1 + y)f(v+)
2
.
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Let us onsider a set D
2
− = {(x, y) ∈ D
2 | y ≤ 0} and a homeomorphism Inv :
D
2
+ → D
2
−, Inv(x, y) = (x,−y). A mapping Hˆ− = Inv ◦ H− : D− → D
2
− is
obviously a homeomorphism and is ompliant with the equalities Hˆ− ◦ ζ(t) =
(2t− 1, 0), t ∈ I and
f◦Hˆ−1− (x, y) =
(1 + (−y))f(v−)
2
+
(1− (−y))f(v+)
2
=
(1− y)f(v−)
2
+
(1 + y)f(v+)
2
.
From the above it easily follows that a mapping Hf : D
2 → D2,
Hf(x, y) =


Hˆ−(x, y) , if (x, y) ∈ D− ,
H+(x, y) , if (x, y) ∈ D+ ,
is a homeomorphism and satises the hypothesis of Corollary. 
Let us summarize laims proved in this subsetion.
Taking into aount Lemma 1.2 we an give the following denition.
Denition 3.1. Let f be a weakly regular funtion on the disk D, let γ1, . . . , γ4
be ars from Denition 1.3. If through every point of a set Γ whih is dense in
γ˚2 ∪ γ˚4 passes a U-trajetory, then the funtion f is alled regular on D.
Theorem 3.3. Let f be a regular funtion on the disk D, let γ1, . . . , γ4 be ars
from Denition 1.3. Let D′ = I2 if γ˚2 6= ∅ and γ˚4 6= ∅; D′ = D2 if γ˚2 ∪ γ˚4 = ∅;
D′ = D
2
+ if exatly one from the sets γ˚2 or γ˚4 is empty.
Let φ : FrD → FrD′ be a homeomorphism suh that φ(K) = K ′, where
K = f−1
(
min
z∈D
(f(z)) ∪max
z∈D
(f(z))
)
,
K ′ =
{
(x, y) ∈ D′
∣∣ y ∈ { min
(x,y)∈D′
(y), max
(x,y)∈D′
(y)
}}
.
Then there exists a homeomorphism Hf of D onto D
′
suh that Hf |K = φ and
f ◦H−1f (x, y) = ay + b, (x, y) ∈ D
′
for ertain a, b ∈ R, a 6= 0.
Theorem 3.4. Let f and g be regular funtions on a losed 2-disk D.
Every homeomorphism ϕ0 : ∂D → ∂D of the frontier ∂D of D whih omplies
with the equality g ◦ ϕ0 = f an be extended to a homeomorphism ϕ : D → D
whih satises the equality g ◦ ϕ = f .
Proof. This statement is a straightforward orollary from Theorem 3.3. 
Remark 3.1. Everything said here about µ-length of a urve and about Frehet
distane between urves remains true for ontinuous urves in every separable
metri spae (see [6℄). In partiular, proof of Lemma 2.3 is literally transferred to
that ase.
Remark 3.2. In order to prove Theorem 3.1 we used tehniques analogous to the
one of [4℄.
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